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On the maximal monotonicity of
subdifferential operators
Aurel Ra˘s¸canu
Abstract
We present a simple proof of the maximal monotonicity of the sub-
differential operator in general Banach spaces. Using the Fitzpatrick
function the Rockafellar surjectivity theorem follows as a corollary.
1 Introduction
In this note, we give a very simple proof of Rockafellar’s maximal mono-
tonicity theorem based on Ekeland’s variational principle. The paper is
the result of particular discussions and remarks of Prof. C. Zalinescu on
the simplified proofs of Rockafellar’s results: maximal monotonicity theo-
rem and surjectivity theorem. The proof for maximal monotonicity that we
present here comes from a note on the maximal monotonicity of the subdif-
ferential operator of the convex l.s.c. functionΦ : C([0, T ];Rd)→]−∞,+∞]
Φ(x) =


∫ T
0
ϕ(x(t)dt, if ϕ (x) ∈ L1(0, T )
+∞, otherwise
given by Asiminoaei and Ra˘s¸canu in [1].
Remark that the first proof of maximal monotonicity theoremwas given
by Rockafellar in [7]. Other different and simplified proofs are given by S.
Simons in [8] and M. Marques Alves and B. F. Svaiter in [6].
Let (X, ‖.‖) be a real Banach space and X∗ be its dual. For x∗ ∈ X∗
and x ∈ X we denote x∗ (x) (the value of x∗ in x) by 〈x, x∗〉 or 〈x∗, x〉 .
The space X× X∗ is also a Banach space with the norm ‖(x, x∗)‖X×X∗ =(
‖x‖2 + ‖x∗‖2∗
)1/2
.
If A : X⇒ X∗ is a point-to-set operator (from X to the family of subsets
of X∗), thenDom (A)
def
== {x ∈ X : A (x) 6= ∅} and R (A)
def
== {x∗ ∈ X∗ : ∃ x ∈
Dom (A) s.t. x∗ ∈ A (x)}. We say that A is proper if Dom (A) 6= ∅.
We shall use the notation (x, x∗) ∈ A for x ∈ Dom (A) and x∗ ∈ A (x) ;
this means that the operator A is identified with its graph
gr (A) = {(x, x∗) ∈ X× X∗ : x ∈ Dom (A) , x∗ ∈ A (x)}.
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The operator A : X ⇒ X∗ is monotone (A ⊂ X× X∗ is a monotone set)
if
〈x− y, x∗ − y∗〉 ≥ 0, ∀ (x, x∗) , (y, y∗) ∈ A.
A monotone operator (set) is maximal monotone if its graph is not prop-
erly contained in the graph of any other monotone operator (set). Hence a
monotone operator is maximal monotone if and only if
inf {〈x− u, x∗ − u∗〉 : (u, u∗) ∈ A} ≥ 0 =⇒ (x, x∗) ∈ A.
Given a function ϕ : X→]−∞,+∞], we denote Dom (ϕ)
def
== {x ∈ X :
ϕ (x) < ∞}. We say that ϕ is proper if Dom (ϕ) 6= ∅. The subdifferential
∂ϕ : X⇒ X∗ is defined by
(x, x∗) ∈ ∂ϕ if 〈y − x, x∗〉+ ϕ (x) ≤ ϕ (y) , ∀ y ∈ X.
Clearly if ϕ is proper and (x, x∗) ∈ ∂ϕ then ϕ (x) ∈ R, that is x ∈ Dom (ϕ) .
Remark that if ϕ : X→]−∞,+∞] is a proper convex l.s.c. function and
ψ : X→ R is a continuous convex function then ∂ (ϕ+ ψ) (x) = ∂ϕ (x) +
∂ψ (x) for all x ∈ Dom (∂ϕ) (this result is a consequence of the Theorem
2.8.7 from [10]).
2 The results
Theorem 1 Let X be a Banach space and ϕ : X→]−∞,+∞] be a proper convex
lower semicontinuous function. Then ∂ϕ : X ⇒ X∗ is proper maximal monotone
operator.
Proof. Using the definition of ∂ϕ it is very easy to prove that ∂ϕ : X⇒ X∗ is
a monotone operator. Let us prove that ∂ϕ is a proper maximal monotone
operator.
Let (z, z∗) ∈ X×X∗ and λ > 0 be arbitrary fixed. Consider the function
Ψ : X→]−∞,+∞] be defined by
Ψ(x) =
1
2
‖x− z‖2 + λϕ(x) − λ 〈x, z∗〉 .
ThenΨ is a proper convex lower semicontinuous function andΨ is bounded
from below. From Ekeland principle [3] (see also [10, Th. 1.4.1], or [2], p.
29, Th. 3.2), for every ε > 0 there exists xε ∈ X such that
Ψ(xε) ≤ inf {Ψ(x) : x ∈ X}+ ε
2 and (1)
Ψ(xε) ≤ Ψ(x) + ε ‖x− xε‖X , for all x ∈ X. (2)
Remark that the sequence {xε : 0 < ε ≤ 1} is bounded, since lim
‖x‖→∞
Ψ(x) =
+∞. From (2) we deduce that
0 ∈ ∂Ψ(xε) + εUX∗ = JX(xε − z) + λ∂ϕ(xε)− λz
∗ + εUX∗ ,
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where UX∗ = {u
∗ ∈ X∗ : ‖u∗‖X∗ ≤ 1} and JX : X ⇒ X
∗ is the duality map-
ping, that is
JX (x) =
{
x∗ ∈ X∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2X∗
}
= ∂
(
1
2
‖·‖2
)
(x) .
So, there exist u∗ε ∈ UX∗ , y
∗
ε ∈ JX(xε − z) and x
∗
ε ∈ ∂ϕ(xε) (in particular ∂ϕ
is a proper point-to-set operator) such that
λz∗ − λx∗ε = y
∗
ε + ε u
∗
ε . (3)
It follows that ‖λz∗ − λx∗ε‖ ≤ ‖y
∗
ε‖+ ε = ‖xε − z‖+ ε.
Let now (z, z∗) ∈ X × X∗ such that 〈z − x, z∗ − x∗〉 ≥ 0 for all (x, x∗)
∈ ∂ϕ. Then
0 ≤ 〈z − xε, z
∗ − x∗ε〉 = 〈z − xε, y
∗
ε〉+ ε 〈z − xε, u
∗
ε〉
≤ −‖xε − z‖
2 + ε ‖xε − z‖ .
Hence ‖xε − z‖ ≤ ε and ‖x
∗
ε − z
∗‖ ≤
2ε
λ
; in particular xε → z and x
∗
ε → z
∗
as ε→ 0. Passing to lim infε→0 in
〈x∗ε, y − xε〉+ ϕ(xε) ≤ ϕ(y), ∀ y ∈ X,
we obtain (z, z∗) ∈ ∂ϕ.
From this proof (the equality (3) corresponding to z = 0) we deduce a
Rockafellar’s type surjectivity result in general Banach spaces:
Corollary 2 If X is a Banach space and ϕ : X →] −∞,+∞] is a proper convex
lower semicontinuous function then for all λ > 0,
R (JX + λ∂ϕ) = X
∗.
If X is a reflexive Banach space, then
R (JX + λ∂ϕ) = X
∗.
Proof. From (3) with z = 0 we deduce that R (∂ϕ+ λJX) + εUX∗ = X
∗.
Hence
R (JX + λ∂ϕ) =
⋂
ε>0
[R (JX + λ∂ϕ) + εUX∗ ] = X
∗.
If X is a reflexive Banach space, then the boundedness of {xε : 0 < ε ≤ 1}
yields that there exists a subsequence εn → 0 such that xεn ⇀ x0 (weakly
on X) and
Ψ(x0) ≤ lim inf
εn→0
Ψ(xεn) = inf {Ψ(x) : x ∈ X}.
Hence 0 ∈ ∂Ψ(x0) = JX(x0)+λ∂ϕ(x0)−λz
∗ that is λz∗ ∈ JX(x0)+λ∂ϕ(x0).
Hence X∗ = λX∗ ⊂ R (JX + λ∂ϕ) ⊂ X
∗.
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Definition 3 Given a monotone operator A : X⇒ X∗, the associated Fitzpatrick
function is defined asH = HA : X× X
∗ → ]−∞,+∞],
H (x, x∗)
def
== 〈x, x∗〉 − inf {〈x− u, x∗ − u∗〉 : (u, u∗) ∈ A}
= sup {〈u, x∗〉+ 〈x, u∗〉 − 〈u, u∗〉 : (u, u∗) ∈ A}
(4)
Clearly H (x, x∗) = 〈x, x∗〉 , for all (x, x∗) ∈ A and
H = HA : X× X
∗ → ]−∞,+∞] is a proper convex l.s.c. function.
Let (x∗, x) ∈ ∂H (u, u∗) . Then, from the definition of a subdifferential oper-
ator this means that
〈(x∗, x) , (z, z∗)− (u, u∗)〉+H (u, u∗) ≤ H (z, z∗) , ∀ (z, z∗) ∈ X× X∗,
or, equivalently,
〈u− x, u∗ − x∗〉 − inf
(y,y∗)∈A
〈u− y, u∗ − y∗〉
≤ 〈z − x, z∗ − x∗〉 − inf
(y,y∗)∈A
〈z − y, z∗ − y∗〉 , ∀ (z, z∗) ∈ X× X∗.
(5)
Since the operator A is maximal monotone, then
inf
(y,y∗)∈A
〈u− y, u∗ − y∗〉 ≤ 0
and
inf
(y,y∗)∈A
〈z − y, z∗ − y∗〉 = 0, ∀ (z, z∗) ∈ A;
consequently, we have
(x∗, x) ∈ ∂H (u, u∗) =⇒ 〈u− x, u∗ − x∗〉 ≤ inf
(z,z∗)∈A
〈z − x, z∗ − x∗〉 . (6)
Also, by the monotonicity of A, from (5) follows
(x∗, x) ∈ A =⇒ (x∗, x) ∈ ∂H (x, x∗) .
Hence, if A : X ⇒ X∗ is a maximal monotone operator then HA character-
izes A as follows.
Theorem 4 (Fitzpatrick) (see Fitzpatrick [4] and Simons-Za˘linescu [9]) Let X
be a Banach space, A : X ⇒ X∗ be a maximal monotone operator and H its
associated Fitzpatrick function. Then, for all (x, x∗) ∈ X× X∗
H(x, x∗) ≥ 〈x, x∗〉 .
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Moreover, the following assertions are equivalent
(a) (x, x∗) ∈ A;
(b) H(x, x∗) = 〈x, x∗〉 ;
(c) ∃ (u, u∗) ∈ Dom (∂H) such that
(x∗, x) ∈ ∂H (u, u∗) and 〈u− x, u∗ − x∗〉 ≥ 0;
(d) (x∗, x) ∈ ∂H (x, x∗) .
Proof. It’s not difficult to show that (b)⇔ (a)⇒ (d)⇒ (c)⇒ (a).
Corollary 5 Let X be a Banach space and A : X ⇒ X∗ be a maximal monotone
operator. Then
0 ∈ R (JX +A) ⇐⇒ (0, 0) ∈ R
(
JX ⊗ J
−1
X + ∂HA
)
Proof. Since JX (−x) = −JX (x) , then we clearly have the following equiv-
alences: 0 ∈ R (JX +A) ⇐⇒ ∃ (x, x
∗) ∈ A such that −x∗ ∈ JX (x) ⇐⇒
∃ (x, x∗) ∈ X×X∗ such that (0, 0) ∈ (−x∗,−x)+∂H (x, x∗) and (−x∗,−x) ∈(
JX (x) , J
−1
X (x
∗)
)
⇐⇒ (0, 0) ∈ R
(
JX ⊗ J
−1
X + ∂HA
)
.
Now from Corollary 2 we have for all λ > 0,
R (JX×X∗ + λ∂HA) = X
∗ × X∗∗
When X is a reflexive Banach space JX×X∗ (x, x
∗) = JX (x) ⊗ J
−1
X (x
∗) and
therefore, by Corollary 2,
R
(
JX ⊗ J
−1
X + λ∂HA
)
= X∗ ×X (7)
In this sequence of ideas we can rewrite simplifying the approach from [9]
of Simons and Za˘linescu for the Rockafellar’s surjectivity result of maximal
monotone operators, as follows
Theorem 6 (Rockafellar) Let X be a reflexive Banach space. If A : X⇒ X∗ is a
maximal monotone operator, then R (JX + λA) = X
∗, for all λ > 0.
Proof. Let λ > 0 and z∗ ∈ X∗. Since A is maximal monotone if and only
A˜ = λA−z∗ is maximal monotone, then to prove z∗ ∈ R (JX + λA) is equiv-
alent to prove 0 ∈ R (JX +A) . But by (7) and Corollary 5 the relation 0 ∈
R (JX +A) is equivalent to the true assertion (0, 0) ∈ R
(
JX ⊗ J
−1
X + ∂HA
)
=
X∗ × X.
Finally we note (see [5]) that in the case of a non-reflexive Banach space
X, there exists a maximal monotone operator A : X ⇒ X∗ and λ > 0 such
that R (JX + λA) ( X
∗.
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